Abstract: In this paper a novel optimal control strategy for energy management of an off-grid hybrid Stirling engine/Supercapacitor power plant is presented based on preliminary results proposed in [1] . An implementation of the control strategy is performed on a real time target that drives a dedicated testbed with a DC machine reproducing the behaviour of the thermodynamic Stirling Engine. The DC machine is linked to a Permanent Magnet Synchronous Generator (PMSG) connected to an AC load through an appropriate controlled Power electronics and an energy storage device which is a supercapacitor. The performances of the developed control Strategy are then assessed through experimental results on the testbed.
INTRODUCTION
Today, many populations throughout the developing countries suffer from the lack of electricity essentially because they are located in isolated villages where the electrical grid is not available or when it is, there is so much power demand (coming essentially from big cities) that it is highly disturbed. On the other side, the need for electricity of those populations is highly increasing. Nowadays, to supply those populations with electricity, traditional fuel based generators are used despite of their many drawbacks including their low reactivity to load changes, their high emissions and noise to mention but few issues.
In order to bring solutions to the energy access for those populations, Schneider Electric launched a program called BIP BOP 1 [2] that aims at bringing safe, clean and affordable electricity to populations that do not have access to it. Within the framework of this program, the MICROSOL project aims at developing micro solar thermodynamic plants producing a minimum of 150 kW h elec /day functioning 24h/24 thanks to an appropriate thermal energy storage.
As a thermal to mechanical energy converter, the low temperature Stirling engine, working with the well known Stirling thermodynamic cycle [3] , seems to be a promising solution because of its many advantages: simplicity of its 1 For Business, Innovation and People at the Base of the Pyramid associated hydraulic circuit, robustness, low noise level, good thermal to electrical conversion efficiency to mention but few ones.
The aim of this paper is to present some experimental results that validate the control strategy that enables the adopted hybrid system to respond in real time to the varying load power demand in off-grid areas. The testbed dedicated to the validation of the proposed strategy is also presented.
In the literature, one can find many examples of hybrid power plants that use different renewable energy sources such as: wind, solar photovoltaic, hydraulic and fuel cells. Different control strategies either for grid or off-grid applications are also discussed. To respond in real time to load transients, an efficient control on the electrical part of the hybrid power plant is necessary. The control strategies go from PI-based controllers (see for example [4] , [5] ) to more sophisticated ones based for example on sliding mode techniques (see [6] , [7] , [8] ). However most of these controllers don't necessarily induce optimal performance of the system in term of settling time which can lead to over-dimensioning of the buffer energy source especially when it consists of supercapacitors which is the case for our system because of their many advantages (see [9] for more details). This paper concerns the experimental validation on a dedicated testbed of the control strategy developed in [1] that stabilizes the studied hybrid power plant acting on the voltage conditioning stage. This paper is organized as follows: section 2 describes the system under study. In section 3, the mathematical model of the system together with its state space equations are recalled based on [1] . In section 4, an analysis of the global system is performed and the control strategy developed in [1] recalled. In section 5 the experimental testbed is presented while in section 6 the performances of the developed control strategy are assessed through experimental results. Finally section 7 concludes the paper.
DESCRIPTION OF HYBRRID POWER PLANT
The solar micro plant under study is depicted in Figure 1 . It consists of a Stirling engine that generates mechanical work by performing a Stirling thermodynamic cycle at each shaft rotation. The produced motor torque together with the electromagnetic torque of the PMSG impose the rotational speed of the shaft. Due to the variable speed of the engine, the variable voltage amplitude and frequency at the output of the PMSG is conditioned through an appropriate power electronics to supply the AC load with a 230V 50Hz voltage. The voltage conditioning stage consists of a diode bridge linked to an isolated full bridge DC/DC converter connected to a DC bus whose voltage needs to be regulated at V bus = 50V which is the voltage compatible with the functioning of the AC/DC inverter that supply the AC load. Because of the high mechanical and thermal inertia of the Stirling engine, an electrical energy buffer which is the supercapacitor is interfaced to the DC bus through a bidirectional DC/DC converter to absorb or deliver power during load transients in a fast manner while the Stirling engine adapts it's delivered power on a rather medium time scale.
A second controller which is out of the scope of this paper, uses the informations on the temperatures of the hot and cold fluids at the inlet of the Stirling engine together with the power demand to compute the hot and cold mass flow rates leading to optimal net thermoelectric efficiency. In the work described in the present paper, the two mass flow rates of the hot and cold fluids are not used as control variables but are considered as constant. Only the control of the electrical stage is considered here. Obviously, the two parts show separable time scales so that the solutions proposed in this paper can be reused in a global architecture that manages to monitor the efficiency of the Stirling engine through the manipulation of these two flow rates.
MODELLING OF THE ENERGY CONVERSION SYSTEM
In a recent contribution [1] , the mathematical model of the system described in Figure 1 was presented. This model is recalled here for convenience:
Equation (1a) describes the rotor dynamics where Ω(t) is the shaft rotational speed, D f r is the friction coefficient of the rotor,J rot is the total inertia of the rotating parts. m h andṁ c are the mass flow rates of the hot and cold fluids at the inlet of the Stirling Engine, T in h and T in c are their respective temperatures. α(.) and β(.) are functions that can be derived from experimental or knowledge based scenarios [10] and define the Stirling engine torque. Equation (1b) gives the dynamics of the rectified current I red in which R s and L s are the stator resistance and the stator self-inductance respectively, p is the number of pole pairs of the PMSG and φ f the EMF constant of the motor. V red is the rectified voltage whose dynamic is given by equation (1c) where C f is the value of the output capacitor of the diode bridge. Equation (1d) gives the dynamic of i Lf b which is the output current of the DC/DC Full Bridge converter illustrated in figure 2 where α f b is the duty ratio of the Full Bridge converter, L f b is its output inductance and k is the transformer winding ratio. but 180
• out of phase.
The DC bus equation is given by (1e) where C tot is the total capacitance of the bus, P L is the load power demand and η inv is the electrical efficiency of the inverter. i Lbb is the output inductance of the bidirectional DC/DC converter illustrated in figure 4 and whose equations are given by (1f)-(1g) where α bb ∈ [0, 0.95] is the duty ratio of the bidirectional DC/DC converter, L bb is the output inductance of this converter, C sc is the supercapacitor capacitance and V sc its voltage.
The equations of this bidirectional DC/DC converter were obtained considering a complementary control (see [11] ) of this device which is generally preferred (because it avoids the discontinuous conduction mode of this converter), where, during a switching period, both IGBTs are used (but not simultaneously).
Despite the fact that the bidirectional DC/DC converter used in the testbed doesn't work in a complementary mode but during a switching period only one IGBT is activated at a time, the mean model (1f)-(1g) is still valid for control design with a slight modification before driving the converter. Indeed, the real duty ratio applied to the converter α real bb ∈ [−0.95, 0.95] is derived from α bb as follow:
Finally, the duty ratio is transformed to a PWM signal using standard PWM techniques similar to the one of Figure  3 where T r 1 (see Figure 4 ) is activated during a fraction of the switching periode corresponding to | α real bb
is positive otherwise T r 2 will be activated during the same fraction of the switching period.
Gathering all the equations described so far leads to the following equations in the state space form:
(3e)
where
The control variables are: u 1 = α f b and u 2 = α bb corresponding to both duty ratios of the DC/DC Full Bridge and bidirectional DC/DC converter respectively. The coefficients a i used in the state equations are given by:
SYSTEM ANALYSIS AND CONTROLLER DESIGN

Control objectives and system constraints
In order to get a stable power electronics associated to the thermodynamic motor (which is reproduced on the testbed by a DC machine), two principal control objectives have to be reached:
• regulate x 5 =V bus around x • maintain x 7 =V sc around x This system is also subject to the following constraints:
positivity constraints x i ≥ 0 except x 6 = i Lbb since the bidirectional DC/DC converter is a current reversible converter.
strong saturations on control variables since:
• u 1 ∈ [0, 0.9]: duty ratio of the DC/DC Full Bridge.
• u 2 ∈ [0, 0.95]: duty ratio of the bidirectional DC/DC converter.
Global analysis of the system
By computing the values of the parameters a i involved in the state equations (3) and given in section 5, it appears that the term "a 5 .x 1 .x 2 " corresponding to the output voltage drop of the diode bridge can be neglected compared to the other terms in equation (3b). Analysing the structure of the state space model given by equations (3), one can see that it is possible to split the system into two subsystems:
1) The first subsystem given by (3a)-(3d) and involves only u 1 as a control variable. This subsystem depends also on x 5 , but assuming that this variable is perfectly regulated around its reference (this will be proved later), x 5 can be replaced by its stationary (desired) value x st 5 . Therefore, subsystem (3a)-(3d) can be rewritten in the following condensed form:
T is a reduced state vector.
2) The second subsystem corresponding to equations (3e)-(3g) where u 2 is the only control variable being involved.
In the next subsections, equations of subsystem 2 are used to regulate x 5 =V bus at x ) are derived and using the equations of subsystem 1, z st (u st 1 ) will be tracked by an appropriate control strategy acting on the control variable u 1 on a rather slower manner compared to subsystem 2 (this is due to the slow mechanical dynamic associated to the Stirling engine and the motor shaft). This is shown more precisely in the following sections. Note that since the two subsystems evolve in separate time scales, the decoupling of the global system is therefore justified.
Analysis and control of subsystem 1
Examination of the eigenvalues of A(u 1 ) for a given constant u 1 ∈ [0, 0.9] shows that the subsystem 1 is open-loop stable with highly oscillatory modes resulting in oscillatory open-loop state trajectories that would almost systematically lead to positiveness constraints violation. The control law used to stabilize z at some z st (defined by u st 1 as it is shown later in section 4.4) is a one step 2 predictive control [12] , namely:
2 because of the limitation on the sampling time that is fixed to 100 µs.
where z + (u 1 ) given by (6) is the predicted value of the state vector z at the next time step based on the second order approximation of the exponential term. P d (u is defined is explained in the sequel. In order to solve (5) during the short sampling period, the differential equation (4) is approximated by a second order approximation namely:
The resulting scalar optimal problem can then be solved by standard SQP (Sequential Quadratic Programming) iterations. Note that while implementing the algorithm corresponding to equation (5), it has been considered only one weighting matrix P d (0.45) corresponding to a central value of u 
λ 5 and λ 6 are the design parameters of the backstepping controller.
According to simulations performed in [1] , it was proved that the previous backstepping approach leads to a stiff controller in u 2 that rapidly stabilizes x 5 around x st 5 leading to (ẋ 5 ≈ 0):
Then, by setting the following appropriate stationary reference value for x 4 (that will be tracked by subsystem 1 using u 1 as it was explained in previous sections) namely: As it was observed from simulations performed in [1] , x 4 undergoes an undershoot (or an overshoot) during positive (or negative) step changes in x st 4 , which can lead to constraints violation. To solve this problem, the reference value x st 4 given by equation 10 is filtered to smooth the convergence of x 4 and a corrective term (slow integrator) is added to x st 4 (before the filtering) to correct the static error on x 4 (which is a crucial state variable that adapts the state of charge of the supercapacitor) due to some model uncertainties. This leads to the following modified reference value for x 4 namely x 4 in the discrete form:
where α f is a filtering parameter, η corr is the integrator gain and k aw is an anti windup gain. Figure 5 summarises the global control scheme that leads to a stable and efficient voltage conditioning stage associated to the Stirling Engine.
DESCRIPTION OF THE EXPERIMENTAL TESTBED
Before testing the developed control on the real thermodynamic Stirling engine, an experimental testbed was built aiming at validating and assessing the performances of the feedback laws. On this testbed, a DC machine reproduces the behaviour of the Stirling engine by controlling the DC machine torque using a commercial DC drive. The DC machine is then linked to the PMSG connected to the developed power electronics as it is shown in Figure  6 . A programmable AC load connected at the output of the single phase inverter is used to generate variable load profiles.
The developed control strategy is then transcribed in MATLAB/Simulink R environment and ".dll" file embedding a C code is generated thanks to Simulink coder R . The generated file is then deployed on a National Instrument real time target using the National Instrument Veristand R platform (installed on a host PC) that is also used to monitor and make data acquisitions. An overview of the experimental testbed is depicted in Figure 7 . The system parameters that hold for the experimental testbed are given by:
This leads to the following numerical values for a i parameters: a 1 = −0.183, a 2 = 558.11, a 3 = 118.4453, a 4 = 9615.4, a 5 = 1.3712,a 6 = 5101.1, a 7 = 641.02, a 8 = 425.53, a 9 = 6666.7, a 10 = 7.34, a 11 = 4484.3, a 12 = 0.0159, η inv = 0.95 and k = 0.5.
EXPERIMENTAL RESULTS
In this section, some experimental results that validate and assess the performances of the proposed control strategy are presented and discussed. Through the programmable AC load (connected to the output of the inverter) depicted in Figure 6 , a load power demand profile is generated and depicted in Figure 8 where the power is measured at the input of the inverter. Figure 9 shows that despite the sharp changes in the load power demand, the DC bus is perfectly regulated around its reference value of 50V which guarantees the good functioning of the inverter that supplies the AC load with uninterruptible 230V 50Hz voltage.
In Figure 10 , one can see that the controller maintains the supercapacitor voltage at its desired reference value of 110V after each step in the power demand in order to always have enough energy (and free energy stock) to supply (or absorb) during future increase (or decrease) in the load power demand. As discussed in previous sections, in order to accommodate dynamically for the load demand and maintain the supercapacitor voltage to its setpoint, a reference value for the output current of the DC/DC Full Bridge converter namely x st 4 is generated and depicted in Figure 12 . This Figure 13 . Then, the controller uses the duty ratio signal for the DC/DC Full Bridge converter namely u 1 = α f b depicted in Figure 11 to track these references. As seen in Figure 12 , the current i Lf b is tracked with good response time allowing to rapidly adapt the state of charge of the supercapacitor. Figure 13 shows that the rotational speed, the rectified voltage and the rectified current also follow their respective reference despite the small static error coming from the modification of the reference signal for x 4 according to (11) . However this static error will not affect the global dynamic of the system since the crucial objective being the regulation of x 4 = i Lf b .
CONCLUSION
In this paper, an experimental validation on a dedicated testbed of a control strategy for the energy management of a hybrid Stirling engine/Supercapacitor power generation system has been presented. The experimental results show good performances for the proposed control architecture in responding in real time to load power demand transients while keeping the state of charge of the supercapacitor at an appropriate level. Future work will deal with incorporating the proposed controller within a global control scheme involving optimal torque control of the Stirling 
